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The work addresses the definition of a wavelet that is based on the Green’s function for flexural
impulse response. The mathematical properties of the wavelet are discussed.
PACS numbers: 43.60 Hj 43.60 Jn
I. INTRODUCTION
The velocity v(x, t) resulting from the bending wave
propagation for infinite plate of a force impulse Fa(t) =















B′/m′′, B′ = Eh3/(12(1−ν2)), E the elastic
modulus, h the plate thickness, ν the Poisson’s ratio and
m′′ the mass per unit surface area. The factor Di = x
2
4ζ
is named dispersion number, which is a measure of the
spreading of the different spectral fractions of the pulse.
Equation (1) is used to define a wavelet, which mathe-
matical properties are discussed.
II. BENDING WAVELET
Several different definitions based on the Morlet
wavelet and the Chirplet transform2,3 have been inves-
tigated. For brevity a extensive discussion about the dif-
ferent efforts is omitted. The details of the mathematical
background of the wavelet transform can be found in the
literature4,5.
The section begins with the definition of a wavelet with
compact support and zero-mean. It follows a comment
on the amplitude and frequency distribution and ends
with possible optional definitions.
A. Definition
A wavelet ψ must fulfill the admissibility condition




|ω| dω <∞, (2)
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where ψˆ(ω) is the Fourier transform of the wavelet. The
proposed wavelet has a compact support (tmin, tmax),




ψ(t) dt = 0 (3)




t for tmin < t < tmax
0 otherwise
, (4)
called bending wavelet. To fulfill the admissibility condi-
tion tmin and tmax are defined so, that equation (3) holds.



















Since limt→0 Si(1/t) = pi/2 and that the Si-function for
t < 2/pi oscillates around pi/2, one is able to chose tmin
and tmax so, that
Si(1/tmin) = Si(1/tmax) = pi/2. (6)
This is a very easy option to define a wavelet and it
will be used later to define similar wavelet. Equation
(6) can only be solved numerically so a good approxima-
tion should be used that leads to a simple expression for







The function Si(1/t) and proposed possible values of tmin
or tmax are plotted in figure 1. In the worst case for
tmax = 2/pi and tmin →∞ the difference in equation (3)
is around 0.2, but for higher values of nmin the magnitude
is in the order of other inaccuracies, so that it should
be negligible. Like the Morlet wavelet, which fulfills the
admissibility condition for limβ → 0 the bending wavelet
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FIG. 1. Si(1/t) and circles at 1/t = (2n− 1)pi/2
fulfills the admissibility for lim t → 0. The value of the
constant is calculated cψ with the norm in the Lebesgue





























With proposed choice of tmin and tmax the sine vanishes














(nmax − nmin). (10)
B. Displacement-invariant definition
Wavelets that are defined by real functions have the
property, that the scalogram depends on the phase of
the analysed function. Wavelets that are complex func-
tions like e.g. the Morlet wavelet are called displacement-
invariant. A wavelet ψ = ψc+ iψs that consists of a sine,




t for tmin < t < tmax
0 otherwise
. (11)




















The analogous definition of the value pi/2 for the Ci-
function is
Ci(1/tmin) = Ci(1/tmax) = 0. (13)




The effect is that the real- and the imaginary part of the
resulting wavelet do not share the same support. This is
a awkward definition but the difference between the two
supports is rather small if the same value for nmax/min
is used. To keep things simple only the real valued sine
wavelet is used in following.
C. Orthogonality of the bending wavelet
The trigonometric functions that are used for the
Fourier transform establish an orthogonal base. Hence,
the Fourier transform has the convenient characteristic
that only one value represents one frequency in the anal-
ysed signal. Every deviation of this is due to the window-
ing function that is analysed with the signal. Already the
short time Fourier transform is not orthogonal, if the dif-
ferent windows overlap each other. Because of this over-
lap the continuous wavelet transform can not be orthog-
onal. The proposed wavelet should still be investigated
since it is instructive for the interpretation of the results.
The condition for a orthogonal basis in Lebesgue space
L2 of square integrable functions is
(ψj , ψk) =
∞∫
−∞
ψjψk = δjk. (15)
Two different wavelets ψj ψk can be build by using dif-
ferent scaling parameters a and/or different displacement
parameters b. Here the effect of two scaling parameters





To illustrate the integral two different versions of the
























The sine term in equation (17) vanishes since tmin/max,
also scale with a, but actually there are two different
values of a and so not all four sine terms vanish. With
this result one expects a rather broad area in (a, b) with
high values of the scalogram.
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FIG. 2. Bending wavelet (4) for a1 = 1 (solid) and a2 = 2
(dashed), nmin = 4 and nmax = 12
D. Time amplitude/frequency distribution
The time frequency distribution of the wavelet for a
certain scaling factor a is determined by the argument of
the sine function. The actual frequency of the wavelet is
given by
ω(t) = a/t2. (18)
The 1/t leading term affects the amplitude of the wavelet.
Usually it is desired that the whole signal contributes
linearly to the transform. To achieve this it is useful to
have an amplitude distribution over time of the wavelet
that is reciprocal to the amplitude distribution of the
analysed signal. Since the bending wavelet has the same
amplitude distribution as equation (1) this may lead to
stronger weighting of the early high frequency compo-
nents of the impulse response.
A force impulse that compensates the amplitude distri-
bution of the impulse response follows a ∼ 1/ω2 depen-
dence.
III. CONTINUOUS WAVELET TRANSFORM WITH THE
BENDING WAVELET
The application in the given context is to extract pre-
cisely the scaling factor with the highest value. How this
is achieved will be discussed in the next section. Never-
theless, the realisation of a transform will be illustrative.
The algorithm implementing the continuous wavelet
transform with the bending wavelet can not be the same
as the algorithm implementing a transform with any con-
tinuous wavelet, like the Morlet wavelet. The bending
wavelet has a compact support, which must be defined
prior to the transform. This can be done with a estima-
tion of the frequency range and the dispersion number.


















where floor(·) rounds down towards the nearest integer
and ceil(·) rounds up. The knowledge of a useful fre-
quency range should not provide any problems. But to
know before which dispersion number will dominate the
result is rather unsatisfactory. A more practical solution
is to calculate the corresponding n-value within the algo-
rithm, which is a easy task since a = Di. The problem
with this possibility is that the support of the wavelet
changes within the transform. Since the support is part
of the wavelet this means that strictly one compares the
results of two different wavelets. Since the wavelet is
normalised the effect is rather small, but nevertheless it
should be interpreted with care.
A. Example
To illustrate the use of the proposed wavelet the fol-
lowing function is transformed
y(t) =
t sin(a/t), for tmin < t < tmax
0 otherwise,
(20)
with a = 10. The sampling frequency is fs = 2
9, tmin
and tmax are defined by the corresponding values of
fmax = fs/8 and fmin = 4, for convenience the point
t = tmin is shifted to 10∆t. The example function
equation (20) is plotted in figure 3.
The example function is transformed with the algorithm











FIG. 3. Analysed example function (20)
that calculates nmin and nmax with the corresponding
value of fmax, fmin and a. The choice of the frequency
range is critical, if it is too small information will be lost
and if it is too big the parts that overlap the pulse may
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distort the result. Here the same frequency range as the
analysed function is used.
The resulting scalogram is not plotted directly against
the factor b, but shifted with the value of tmin. So
the maximum value is at 10∆t (figure 4), which is the
value of t where fmax is located. The maximum value
















FIG. 4. Contour plot of the scalogram build with the bending








FIG. 5. Contour plot of the scalogram build with the bending
wavelet transform of equation (20) with fmax = fs/12 and
fmin = 4
One may recognise that there are very high values if
the wavelet is shifted and scaled along the curve a/t. This
is expected theoretical, in section II.C, and can be inter-
preted descriptive since the wavelet does not localize one
frequency, but has a wide frequency range that spreads
over time. It can be quantified with equation (15). Eval-
uating this integral numerically for the values of a1 = 10,
a2 = 11.75 and b2 = 7∆t results in value of 0.68, which
means that the peak at a2 = 11.75 has 68% of the peak
at a1 = 10.
This problem of non-orthogonality is addressed by the
following algorithm. The pulse is extracted from the sig-
nal by first locating the position tstart in the signal, where
fmax has its maximum. This is done by a Morlet wavelet
transform with which one may find the value of tstart
that has the highest value of fmax. Now the transforma-
tion with the bending wavelet is only done in the vicinity
of tstart. Technically the displacement parameters b are
defined with tstart.
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